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}T,,\ﬂ 257 ABSTRACT I -

\\jJ The dynamics of electrons in a low-frequency wave propagating

perpendicular to a uniform magnetic field are studied and the impli-
cations of these results for transport and heating by the lower
hybrid drift instability are explored. Below a threshold\g?/TiA; r
.25-.5, all electron energy and momentum exchange with the wave are
reversible and no plasma transport is possible. Above this
threshold, trapping of electrons by the wave potentials takes place
and causes irreversible electron heating and momentum exchange.
These results imply that anomolous transport in inhomogeneous

plasma with weak drifts (diamagnetic velocity less than the ion

thermal velocity) may be substantially less than previously predicted. ¢
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1. INTRODUCTION

The subject of heating and transport in high-temperature, magnetically-
confined plasma, where classical collisional processes are weak, is of great
importance both in achieving thermonuclear fusion in laboratory confinement
systems and in understanding fundamental natural phenomena such as magnetic
substorms. Instabilities whose source of free energy is the plasma density
or magnetic field gradients are likely to produce fluctuating electric or
magnetic fields which cause crossfield particle transport. In systems
with rather sharp density gradients where pian >(me/mi)1/2’

Py and Ln being the ion Larmor radius and density scale length, respectively,
the lower-hybrid-drift instability is unstable and is expected to play a
dominant role in the evolution of the plasma m'ofiles.l-5 Such sharp gradients
occur in a variety of phvsical systems including laboratory plasmas such as
6-pinches and reversed-field pinches and space plasmas in the bow and tail

of the earth's magnetosphere. The linear properties of this mode have been
extensively investigated.l_3 The instability is driven by the pressure gradient
and is characterized by a frequency w and growth rate y given by w ~ kvdi

is

is the ion diamagnetic velocity, “1

A (pi/Ln)mlh >> Qi, Y b1 w , where V4i
the ion gvrofrequency and Wik is the lower hybrid frequency. The growth rate

of the instability is sharply peaked perpendicular to B (k"= k é ~ 0) since
electron Landau damping for finite k  1is strongly stabilizing.

The transport and heating associated with the nonlinear evolution of the
lower hvbrid drift instability, which can be described bv an effective "anomolous"
resistivity, have been calculated in a quasilinear analvsis.2 Particle simu-~
lations of the instability in both straight (6-pinch) and reversed magnetic

fields have also demonstrated that electron heating and transport can ac-

company the nonlinear development of the mode.b'
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Heating and transport are, by definition, irreversible processes and the
subject of irveversibility must be addressed in discussing any transport or
heating mechanism. In low temperature plasm: collisions guarantee irreversi-
bility on the macroscopic scale. 1In collisionless plasma, resonant wave
particle interactions lead to irreversible exchanges ~f energy or momentum
(and consequently transport). In the previous quasilinear investigation of
heating by the lower hybrid drift mode, only perpendicularly propagating waves
(k|'= 0) were considered.2 Ions, which behave as if they are completely un-
magnetized (since w >> Qi), resonantly interact with the wave and exchange
momentum and energy. The electrons, however, which are tightly bound to the
magnetic field lines (w << Qe) are nonresonant and therefore undergo no
irreversible energy or momentum exchange (neglecting VB resonances). The
quasilinear electron "heating" previously calculated simply results from the
coherent sloshing of the electron distribution function in the lower hybrid
waves and is completely reversible. 1In particular, for nonresomnant particles,

N2 .
El /3t, and the temperature increase

the heating rate is proportional to 3
scales as |§|2, ¥ being the amplitude of the electric field perturbation.
After an entire growth and damping cycle of the wave is completed, }Elz -+ 0

and there is no net electron heating.

Although the quasilinear theory predicts that no irreversible electron
heating can take place for b * B =0, computer simulations of the lower hybrid-
drift-instability indicate that electron heating does actually occur.’

These simulations are carried out in the two-space dimensions orthogonal to %

and consequentlv k||= 0. If this heating is a real physical effect and not a
consequence of numerical errors, it must be associated with strong nonlinearities
in the electron motion not property described by the quasilinear theory.

To develop an understanding of electron heating by the lower-hybrid-drift

instability, we study the electron dvnamics in a single large-—amplitude, low
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frequency (w << Qe) wave propagating perpendicular to B,

AT

-
Ii = o —
g E,(y,t) = E(t) cos(kyy - ut) , (1)

© i

where the time dependence of E;(t) represents the growth or damping of the wave.

P

‘ The single mode approximation is a reasonable model of the simulations which
were largely dominated by a single, coherent wave. Other physical effects

including VB drifts, the two dimensionality of wave and the self-consistent

3

evolution of the wave amplitude are neglected. ?

. A
j At small wave amplitude, the electron motion in this electric field is ’
‘ simply given by the usual ExB and polarization drifts and is accurately %

{ described by the quasilinear theory. Above a threshold given approximately ;
1 . .

by .

>‘1 ’\‘
g ky(cEy/BQe) = kyAv >1 (2)

the electron cyclotron motion is strongly modified and the electron motion

becomes stochastic. The distance Ay in Eq. (2) is the y displacement of the

electron due to the polarization drift, When this displacement is comparable
A to the wavelength of the electric field, the strong modification of the
electron dynamics should not be too surprising. Above the threshold given in

Eq. (2) substantial electron heating can occur.

1
% The present investigation of electron dynamics is related to previous

studies of stochastic ion motiom in large amplitude waves. Smith and Kaufman

P
!
‘
t
i
i
i

studied the ion transition to stochastic motion in an obliquely propagating

A .
! wave. Stochastic particle motion in perpendicularly propagating waves has
i
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also been investigated. However, the authors were primarilv interested in

lower hybrid heating of ions and therefore, only considered cases where w >> Qi.

. More recently, heating by a large amplitude standing wave has been studied.10
The present c¢alculation is actually somewhat simpler than the previous in-
vestigations. The existence of two disparate time scales Q;l and w-l allows

a straightforward analytic investigation of the electron motion and subsequently
. to the threshold given in Eq. (2).
In Section II of this paper, the electron motion and tramsition to stoch-
these results are

asticity in a single wave is discussed. In Section III,

extended to an arbitrary number of waves in one-space dimension. In contrast
. . . , ., 11
with some turbulence theories based on the renormalization of particle orbits ',

spatial diffusion is, strictly speaking, not possible in one-dimensional, low-

frequency turbulence. In Section IV, the implications of these results for

the saturation and transport associated with the lower-hybrid-drift unstability
the essential results and conclusions are summarized.

are discussed. In Section V,
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IT. STOCHASTIC ELECTRON MOTION IN A SINGLE WAVE

The equations of motion for electrons in a plane wave propagating

pendicular to a uniform magnetic field B = Bz are simply

“ ¢
[}

Qex - eEy/me (3)
X = ~0 ¥ (%)

where Qe=eB/mec is the electron gvrofrequency, Ev(v.t) is given in Eq. (1),
and the dot denotes d/dt. Equation (4) can be integrated once and x can then

be eliminated from Eq. (3) to obtain the single equation
8+ 0 = a cos(8 - vt + ¢) (5)

where 8 = kyy, v=w/ue, a = -ky eES/in, time has been normalized to the
gyrofrequency and ¢ is the initial phase. This equation has been studied
previously in the limit v >> l.9 We consider the opposite limit v << 1.

In the limit v - O, Eq. (5) can be integrated exactly to obtain the

particle energy
.22, 2
H=108"/24+6%/2 - o sin(6 + ¢) = const. . (6)

The particle motion can be simply understood by plotting the constant H
curves in the é-e phase plane as shown in Fig. la for a << 1 and Fig. 1b for
a >> 1. The electrons simply move along the constant H curves in this phase

space. When a << 1, these curves are essentially concentric circles weakly

modified by the presence of the wave. The electric motion around these curves
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on a time ¢t x 1 corresponds to the usual electron Larmor motion. When

a >> 1, the phase space structure becomes more complex with the formation
of x and O voints as can be seen in Fig. 1b. The electrons again circulate
around the closed phase space curves on a time t x 1, except in narrow bands
around the separations where the period becomes very long. 1In this limit the
usual Larmor orbit is strongly modified by the presence of the wave. The
islands shown in Fig. 1b correspond to regions where the perpendicular
electric field is large enough to overcome the magnetic field and trap the
electrons.

The location of the stationarv points (x and O points) in the phase space

of Fig. 1 can be calculated by solving 3H/39 = 3H/36 = O or

8. =0 (7a)

<D
1]

o cos(eS + ¢) . (7b)

The solutions to Eq. (7b) are shown graphically in Fig. 2. For o < 1, there

is a single 0 point as shown in Fig. la given by

B, = a cosp << 1 (8)

while for o« > 1, there are multiple x and 0 points increasing in number with

a. For o >> 1, the solutions are approximately given by

0, = ~[o + (m+ Palll + D™al . (9)

where n is an integer and we have assumed |esl a <<1. The outermost 0 point

is given approximately by 685ka (see Fig. 2).




The electron motion in the vicinity of the O-points of Fig. 1b can be

investigated by expanding H in a Taylor series,

B 6272 + mﬁ(O-—BS)z/Z , (10)
where wi = 32H/392 = [1-+a(1—6§/a2)1/2]1/2 is the bounce frequency of the
electron in the potential well. For |Bs| <<a (large islands in Fig. 1b),

1/2 1/2 .
wy = (14+u) =q , which corresponds to the usual bounce frequency

ky(e¢>0/me)l‘/2 of a trapped electron in the absence of the magnetic field.
Note that since o>1l, the bounce frequency for these electrons is greater than
the gyrofrequency. The bounce frequency of electrons in the smaller islands

of Fig. 1b decreases monotonically with increasing [egl until w,_ %1 for the

b
outermost islands.

When v #0, the particle energy

H = 62/2 + 62/2 - o sin(8 - vt + ¢) , (1n

th; g;ﬁeralization of Eq. (6) for finite v, is no longer a constant of the
motion. However, in-so-far as v << 1, the energy is approximately conserved-
during the rapid gyro-motion discussed in Fig. 1 and this rapid motion is
basically unchanged by v, which simply enters Eq. (11) as a phase shift.

On a longer time scale vt ~ 1, the particle energy change cannot be neglected.
To simplify the discussion of the electron dvnamics for v # 0, the two cases

a 55 1 are considered separately.

A. Small Amplitude Waves: a << 1

With v # 0 the constant H curves shown in Fig. la change on a time scale

-1
v = and, in particular, the O-point oscillates periodically

e A
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b, = a cos(¢p - vr). (12)

The particle energy H, which is no longer constant can be calculated directly, P
,
P E
H = -a sin(8 -~ vt + ¢) + va cos(v - vt + ¢) (13) R
. where terms not proportional to a or v have been eliminated by invoking gf
%
Eq. (5). To find the long time evolution of H, we average Eq. (13) over the £
fast cyclotron motion contained in 6(t), i;
| 3
i ;,
: <H>t = —-a <sin(® - vt + cx)>t + va<cos(8 - vt + ¢)>t . (14) x
| f
: For electrons near the O-point of Fig. la, i.e., electrons with small Larmor 4
. radius, <sin(9 - vt + ¢)>t = sin(eS - Vvt + ¢) and E
2

. |
<ﬁ>t - sin(0, - vt + ¢) + va cos(8_ - vt + ¢) (15) :
=d H(Gs’t)/dt ’ {

f

;‘ where H(es.t) is the energy at the O-point. Since the rate of change of the g

energy of the particle near the O-point is the same as the energy of the 0-
point, the particle must follow the O-point. As the O-point in Fig. 1la ;
oscillates in 6, the particles simply follow along.

The average energy gain of the electrons over many oscillations v‘l can

-1
be obtained by further averaging Eq. (13) over the time scale y  under the

assumption that a/o << v. We find

h-‘ <<l:1>>t = - qu/2 = - %-d az/dt , (16)




where higher order terms in o have been neglected and <on»  Trepresents the
second time average over the v_l time scale. This change in the particle
energy is simply the increase or decrease of the sloshing energy of the
electrons in the wave as the wave amplitude changes and is entirely re-
versible.

The previous discussion of the small Larmor radius particles, which are
localized near the O-points can be easily generalized to arbitrary Larmor
radius. Since the change in the constant H curves in Fig. la is much
slower than the rapid cyclotron motion around the curves, the area within a

particle orbit must be preserved, i.e.
324 % a0 (17)

is constant. In the previous calculation for electrons near the O-point, the
area within the orbit could only be preserved if the electron followed the
0-point. To demonstrate that no irreversible electron heating can occur for
a < 1 and arbitrary Larmor radius, we allow the wave amplitude o to increase
to some maximum amplitude and then decrease to zero. Since the area within
the particle orbit is the same in the initial and final states and the energy
is a single valued function of the area, no net change in the particle energy

can occur so all electron "heating' is reversible.

B. Large Amplitude Wave: o >> 1

When v # 0, the islands shown in Fig. 1b for a > 1 move toward positive
8 with an approximate velocity 8 X v, the phase velocity of the wave. More
specifically, an island is formed at 6 = -a with zero amplitude. The x-point

propagates with a velocity




11
X ~1
B, = vl +a ) (18)

and the O-point with a velocity

80 - va - oh (19)
s
Thus, the island half width A8 increases as the island propagates at a rate

AN 2v/a . (20)

The island reaches maximum amplitude at 8 = 0 and then shrinks &t the same

rate and disappears at 6 =a. The lifetime Ty of a given island is therefore

T Y 2a/v . (21)

The motion of electrons which are far from the separatrices in Fig. 1b
can be calculated in a fashion analagous to the weak field limit u < 1. For
example, an electron within an island in Fig. 1b must move toward positive &
to preserve the J invariant of its orbit. However, since the island shrinks
and eventually disappears as it propagates toward 6=a , all electrons within
a given island must eventually cross the separatrix of the island. As the
electrons intercept the separatrix, the J invariant is broken sia:e¢ the period
of the particle orbit on the separatrix is infinite and therefore nu longer small
compared with v_l. The detrapping or conversely the trapping of electrons is
therefore an irreversible process. All electrons with energy H < a2/2
eventually participate in this trapping-detrapping process and we would there-
fore expect the electrons to eventually populate this entire phase space. De-

pending on the initial electron temperature, this strong wave-particle inter-

action produces substantial bulk electron heating. In unnormalized units, the

e e —— _’ "*"‘—“‘"'_iﬁ
== o Sl sdosdekd 12 Lo NI



effective electron temperature becomes
2.2,.2
T,ime Ey/B . (22)

i.e., the electron thermal velocity is simply cEy/B.

Electron trapping by a large amplitude perpendicularly propagating wave
has been observed previously in computer simulations of the electron beam
cyclotron instability.12 The qualitative features of the trapping-detrapping {

;

process for a >> 1 were observed. 1In these simulations, however, the wave

frequency and electron cyclotron frequency were comparable (v ~ 1) and J was
not a constant of the motion. We would expect, therefore, that electron trapping

would be much less complete than in the case v << 1.
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I1I. MULTIPLE WAVES

The invariance of J for the motion of electrons in a low frequency wave
w <<Qe was essential in deriving the stochasticity threshold in Eq. (1). As
long as the low frequency assumption is satisfied, the previous calculation
can be extended to include an arbitrary number of waves. The equation of
motion for electrons in an arbitrary spectrum of one-dimensional, low~frequency

waves 1is simply

. _ 5
y+y=-c Ey(y,t)/BQe
(23)
= 2 -
= -(c/B%)) E E, cos(ky = vt + ¢)
with an energy
°2,. 2 2 .
H=y"/2+y°/2 - (¢/BR) ) E sin(ky- v t+ ¢ )/k . (24)
e’ k k k

The electron motion can again only become stochastic once multiple
stationary points are formed, which requires

(25)
aEy/ay > 9 Ble

When this threshold is exceeded locally, electron heating can occur. In most
physical systems of interest, precise wave phase information is not available
and a threshold based on averaged stochastical properties of the wave turbu-
lence 1is desireable. If the phases ¢k of the individual waves are random,

we simply square Eq. (25) and average over the random phases to obtain the

stochasticity condition

13

i

d
b
i
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E lcEk/B|2 kz/ﬂz >1 . (26)

- T

' Particle motion in random-phased, perpendicularly propagating waves has

' been discussed by a number of authors in connection with turbulence theories
based on the renormalization of particle propagators. Dum and Dupree investi-
gated particle motion in a general spectrum of low frequency fluctuations.

In their formalism, electrons can undergo spatial diffusion in a one-

dimensional spectrum of waves once the following threshold is exceeded,

; ) lcEk/BI2 kapZ/wz >1 , (27)
‘ K

T T T e A ¢ T AT R Ty T .

] where pe = ve/Q is the electron Larmor radius. In contrast, the present
calculation demonstrates that the spatial excursion of electrons is always

i bounded since the constant H curves are always closed. Spatial and velocity
diffusion are only possible in the limited sense that the electron position

and velocity can scatter over a bounded region of phase space [for example,

H< az in Fig. 1b] and only when the threshold given in Eq. (26) is exceeded.
A more detailed discussion of the absence of spatial diffusion in this one-

dimensional model is presented in Appendix A.
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IV. APPLICATION TO THE LOWER HYBRID DRIFT INSTABILITY

The basic properties of the lower-hybrid-drift instability have been

o~ —

' briefly mentioned in the Introduction and have been extensively discussed in
the lit:erature.l-3 The instability essentially causes the plasma density
profile to become fluted perpendicular to E. Below the thresholds given

in Eq. (2) in the case of a single wave and Eq. (24) for the case of manv

waves, the electrons simply undergo coherent oscillations in the wave and the
lower-hybrid-drift wave cannot irreversibly exchange energy or momentum with

the electrons. Thus, if the instability saturates before this threshold is

TV O T P

exceeded, the lower-hybrid-drift instability cannot cause anomalous diffusion

1 of an inhomogeneous plasma. 1In this limit, the plasma essentually evolves
to a complicated fluted state but the mechanism by which this fluted state
can evolve to a diffuse profile must involve new physics not vet incorporated
into the present model.

The distinction between the evolution of an inhomogeneous plasma to a
fluted state and the evolution to a more diffuse profile has not been
adequately addressed within the literature, possibly because it has been

- assumed that once the flutes develop, theevolucion to a broader

smooth profile was an inevitable process. In computer simulations of the
lower~hybrid-drift instability. for example, the formation of these flutes has

been observed. The density profile is then calculated by averaging over

the plasma profile even though no diffusion has actually occurred. To

illustrate this point, we consider a periodic displacement of the density

F
P these flutes. This averaging process can produce an apparent broadening of
E
L
!
: profile

]

¥
{ ‘ n(x.,y) = n [x-FXx(y)] . (28) ‘

B T s
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where x(v) is the displacement. Clearlv, no diffusion has taken place since
for a given v, the plasma profile is unchanged. Yet when n(x,v) is averaged
over v, we find
oy “ "

“n- <n(x.y)»y = n”(x) + «f,‘.x"-'v 3‘nn/nx“ . (29)
The profile has effectively diffused as shown in Fig. 3. This fake "diffusion"
is analogous to the electron "heating'" associated with the coherent sloshing
of electrons in the wave. In computer simulations of this instabilicy, very

litrle real diffusion is observed in the weak drift regime Vv (Vi while in

di
the stronger drift regime vdi vy real diffusion is nbserved.7 We now con-
sider under what conditions the thresholds in Eqs. () and (26) can be
exceeded, allowing transport to take place.

Three basic saturation mechanisms for the lower-hvbrid-drift instability

have been discussed: (1) trapping or flattening of the ion velocitv distribu-

6
tion function: 13 (2) depletion of the free energv available to drive the

4,6,13

/7

instability; and (3) electron resonance hroadening%q The lower-hvbrid-
drift instabilitv is basicallv a negative energv wave driven bv ion Landau
damping. Flattening of the ion distribution either bv quasilinear reluaation
or trapping can therefore lead to saturation bv quenching the jon lLandau
damping.

The energy source of the lower-hybrid-drift mode is the drift energyv pro-

duced by the local gradients, an§1/2. It was previouslv predicted that the

wave energy

=
1

w(ac/am)(Ez/Sﬂ)
: (30)

2 2 2
2(1-+wpe/9e)(Ey/8n)

could not exceed the particle drift energya or that the electric field

fluctuation must satisfy

R A e TS - PP . a
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1
2 2 2, 2 o
‘E /B)T <~ v 2(1 + . . (31
(CE/B)T v /1200 + L )] )
! In a finite beta system, of course, the drift energv and magnetic energy are ﬁ'
[y
linked so that the magnetic energy also changes as the local gradients change.l5
In a straight g-pinch, the change in the magnetic energy AwB as the gradient g
relaxes is approximatelv (see Appendix B) !
t | "
L3
Mg = n(T_+T.) g(£) (32a) t
i with 3
b 1/2
(=114 211/ ey V24000 (32b)
3 :'
) .A
where f =an(Te+T1)B" is a representative value of the local plasma beta. e
§
2 b
{ This magnetic free energv exceeds the drift energy as long as vdi/vi <(mj/me)1/“ 3
so the wave energv hound bhecomes }
R L]
? 2 2 2,2 ’
' (¢ Ey/B) Vos g(F)/[lHe/wpe] . (33) '
)y
where v;q =(Te+Ti)/me’ In a system where the particle drifts support a reversed *

magnetic field, such as a reversed field 9-pinch, the gradients cannot be
relaxed without dissipating all the magnetic energy in the svstem, the free

F‘l energy avallable to drive the instability is effectivelv infinite and there is

alé

no wave energyv houn

Resonance broadening has also been proposed as a saturation mechanism tor
the lower-hybrid-drift instability.la Once the fluctuating electric fields

exceed a critical amplitude, the electrons, which are initially nonresonant,

can effectively resonantly interact with the waves. The resulting "Landau"

damping of the wave energy stabilizes the wave spectrum. The threshold at
which this transition takes place is, of course, the subject of this paper

F‘ and is given by either Eq. (2) or Eq. (26) in the case of single or multiple

waves, respectively. These thresholds are substantially higher than those

i




predicted on the basis of resonance broadening theorv [Eq. (27)].
Above the stochasticity threshold, strong electron heating takes place, thus
dissipating the wave energy and stabilizing the lower hybrid drift wave. If
ion trapping or depletion of the free energy do not occur first, the lower-
hybrid-drift instability will saturate at an amplitude given by either Eq. (2)
or Eq. (26)., In the previous application of the resonance broadening theory
to the lower-hybrid-drift instability, substantially lower thresholds were
predicted when electron VB drifts were included.14 The question of the
validity of the resonance broadening theory in the presence of the VB drifts
cannot be addressed on the basis of the present calculation. The reducticn
of the stochasticity threshold by the VB drift, however, seems physically
reasonable, and the inclusion of these effects would be an important extension
of the present work.

We now consider under what conditions saturation of the lower-hvbrid-
drift instability can occur by stochastic electron heating. The growth rate
of the lower-hybrid-drift instability peaks in the range koes = 1-2, where

2

2 .
pes :Ves/ﬂi’ so the electron stochasticity threshold in Eq. (2) becomes

eo/T, % (ko_ )77 =

In the weak drift limit Vdi/vi << 1, the phase velocity of the wave is vph “

Vi< vy The saturation of the instability can occur by flattening the ion
velocity distribution or ion trapping at an amplitude

2
o~ 2 =
e = m vp / m

2,
vdi/z << T

i i

even in the absence of the wave energy bound.13 This amplitude is below the




threshold for electron stochasticity given in Eq. (34) so no electron diffusion

is possible in the weak drift regime. In the strong drift regime Vai ¢ Vg ion

2,0 2, 6
trapping occurs when e¢ mivph/z > mivi/z or

ed/T, > 1

so the electron stochasticity and fon trapping conditions are comparable.

In the case of a reversed magnetic field in the strong drift regime both

ion trapping and electron stochasticity should cause saturation of the in-
s

stability and strong electron heating and ditrusion can occur.,  For kvpe_'\l.

the wave energy bound in Eq. (33) for the straight pinch can be rewritten as
ecb/Ti < g(f) . (37)

In a high 8 configuration this bound is comparable to the ion trapping and electron
stochasticity conditions so that diffusion and heating will occur. In a low
g configuration the energy bound is smaller than either of these conditions
and no diffusion is possible.
Two-dimensional particle simulations of the lower-hvbrid-drift
instability have been carried out in both straight and reversed magnetic

fields.6'7

These runs were carried out for relatively strong drift vdi/vim 110
with relatively large 8+ 0.25-1.0 and artificial mass ratios. As a consequence,
the wave energy bounds in Eqs. (31) and (37), the ion trapping threshold in

Eq. (36) and the electron stochasticity threshold in Eq. (34) are all

comparable even for the straight pinch. Flectron heating should therefore be

expected, especially in the strong drift regime Vdi/vi >>1. In the case of

Vdi/Vifl fluting of the densityv profile is ohserved in the simulations but the

mode saturates with very little actual broadening of the profile.7 In the
strong drift regime both strong electron heating and diffusion are observed,

as expected.




e~y

V. SUMMARY AND CONCLUSIONS

Electron motion in a low-frequency (w << “é) wave(s) propagating per-
pendicular to a uniform magnetic field is studied. Both monochromatic and
broadband electric field spectra have been considered although the investigation
is strictly limited to one-dimensional spectra. Below a threshold amplitude

given by

n=k cE /B2 =1

' y y/ e (37)
for the case of a monochromatic wave and the corresponding generalization

2
)k cE /By |® =1 (38)
e

k
for a broadband spectrum of waves, electron heating and momentum transfer
are strictly reversible. Above these thresholds, the Larmor motion of an
electron in a uniform magnetic field is strongly modified and trapping of the
electrons by the wave can occur. The electrons remain trapped for a time 1

tr
given by

‘ B ! ~1
Ter © kychy/Bu),.e = afw >~ Mg 3 W . (39)
The process of trapping and detrapping alluows an irreversible exchange of energy

between the electrons and the wave and, in particular, causes bulk "heating"

of electrons to a mean velocity

v vV, = cEy/B . (40)

Pger = .
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This trapping-detrapping phenomena has been previously observed in computer

simulations of the electron beam cyclotron instabilitys although the trapping

is much less complete in this limit because w ™ {2 .12
e

The implications of these results for the nonlinear evolution of the lower-

hybrid-drift instability ond associated transport have been explored. The growth

1/2

rate of the lower-hybrid-drift instability peaks for ko o = k(T,/m )" "/ = 1-
i'Ve e
so the threshold in Eq. (37) becomes
e¢/T, = .25 - 1 . (41)

Below this threshold no irreversible electron heating or momentum transfer is
possible and the lower-hybrid-drift instabilitv cannot cause diffusion of
electrons in an inhomogeneous plasma. The apparent diffusion which is found
from quasilinear theory in this limit corresponds to the formation of flutes
or ripples in the plasma profile — not to the evolution to a more diffuse
profile. 1In the weak drift regime Vqi <Vyo the lower-hybrid-drift instability
saturates below the threshold given in Eq. (41) by trapping jons or depleting
the source of free energy.13 and transport by the lower hybrid drift
instability is not possible (at least within the limitations of the present
model).

In the strong drift regime \ZTRAIE the lower hybrid drift instability
grows until the threshold in Eq. (41) is exceeded. The rapid onset of strong
electron heating above this threshold prevents further amplifications of the
wave and thus saturation of the instability occurs for e¢/Tj.2]J Electron
heating, transport, and magnetic energy dissipation accompany the saturation
of the mode in this limit16 and have been observed in recent computer simula-

tions of the lower-hybrod-drift instability in a reversed magnetic field.7
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It should be emphasized that these conclusions are strictly based on the i

{

present limited model: (1) a one-dimensional wave spectrum; (2) k= k]@/]B] = 0; .

: ‘ b
and (3) a uniform magnetic field. The relaxation of these assumptions should :

! lead to a reduction of the threshold given in Eq. (31) and allow the lower-

hybrid-drift instability to cause anomalous transport in the weak drift regimes. ;.
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APPENDIX A

We now consider in more detail, the electron dynamics in a one-dimensional

spectrum of low frequenc+ (w << ue) waves. The electron equation of motion is

given in Eq. (23),
. 2
v+y-= —cEy(y,t)/BSle — —e(y,t) . (A1)

We have shown that the electron motion is bounded and y therefore remains
finite for all time. For simplicity, we limit our investigation to the case
where the stochasticity threshold in Eq. (26) is not exceeded and the electron
Larmor radius is small compared to the wavelength of the fluctuations. In this

case, t(y,t) can be expanded around y = O,
y + y(1 + 3e/3y) = -e(0,t) . (A2)

The electric field fluctuations cause a frequency shift of the electron gyro-

motion 80(t) = (de(y,t)/3y) =0 The solution of Eq. (A2) is
y(t) = -e(t) + p, cos(t + ¢ + 8¢), (A3)

where Pe is the electron Larmor radius, ¢ is the initial phase angle of the

electron in its gyromotion and

t
s(t) = J dr sa() (A4)
0

is the phase shift induced by the fluctuating electric field. Averaging y(t)

over an ensemble of fluctuations,

ST e g e e g " st .
8 y : 3 scl e i A aLil et b g =
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<y(e)> = R <cos(t + ¢ + d¢)-

(AS)
Bo Cos(t + ¢) expl-9(1;/2] ,

where

P(L) = J d'rld'x 2< dﬂz(-[l)ész((z): , (A6)

<>devotes an average over the ensemble and the cumulant expansion has been

‘ . 17 . .
used to evaluate <exp(idd)> = exp(-¥2). The electrou diffusion can cimilarly

be calculated,

2 : : 2 :
<8yTr =<y -m<yr)Tr =Ly + (Le/z)[l - exp(-9]. (A7)

If the electric field fluctuations have a finite correlation time Tv’ then for

2 g .
<6y2> =<g"> (pé/Z)[l - exp(-%t) ] (A3)
where

¢ = (Zn)—l dk dw 6(w) |$ }2

Y (A9)

The first term in Eq. (AS) corresponds to the mean excursion of the elcctron
associated with its polarization drift. The second term arised because ot the
frequency shift of the electron Larmor motion. The phase of the electron:
along their orbits becomes uncertain and is reflected in an uncertainty in their
position. Over short times this appears as a diffusion

< 6y2> Mol § /2 (A10)

(¢}

of the particle position |compare with Eq. (7) in Ref. 14 in the long wavelength

24
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limit]. However, over longer times ¢t > 1, the maximum uncertainty in the particle
position is 92/2, i.e., the phase angle of the electron in its Larmor orbit is
completely unknown. Thus, spatial diffusion is possible below the threshold given
in Eq. (26) for Te finite but is limited to the electron Larmor radius.

This result is consistent with the previous discussion of the preservation of the

J invariant in Fig. la. The phase of the electron along the curves shown in

Fig. 1 can become uncertain but the area within the curve is still preserved and
thus diffusion is strictly limited.

It should also be noted that even the limited diffusion described by Eq. (A8)
is produced only by the zero frequency component of the wave spectrum [see Eq. (A2)].
The frequency shift of the w # 0 waves is periodic and causes no net phase shift
of the electrons in their Larmor motion. In a spectrum of high frequency waves
no diffusion occurs unless the threshold in Eq. (26) is exceeded. The "bootstrap"
diffusion calculated by Dum-Dupree when the threshold in Eq. (27) is exceeded does
not take place because the excursion of electrons in the fluctuating electric

fields is strictly bounded (there is no orbit secularity).

; , e ot e L



APPENDIX B

The lower hybrid drift instability is driven by the drift energy of the

2 . . ; . .
electrons, n m, v /2. However, in a finite B plasma the magnetic field and |
the plasma currents are linked so the plasma currents can not be relaxed

without changing the magnetic energy. When the plasma currents support a ,j

)8
reversed magnetic field, the plasma current can not be dissipated without dis- 'i
sipating all the magnetic energy in the system so there is effectively no l
16
energy bound for the lower hybrid drift instability. We now consider the ii
change in magnetic energy as the plasma profile broadens in the straight 6 [
3
B
‘ pinch. '
‘ For simplicity, the plasma profile is modeled by the simple step shown ‘?
| ,

in Fig. 4 (the profile is taken to be symmetric around x=0). An initial

plasma of density n.. temperature Ti and in a magnetic field Bi is supported

‘ by an external magnetic field Bo' The initial plasma width Li is allowed to
%

increase. Conducting boundaries at X=LO prevent flux from entering or leaving

the system so the total flux

A= B}Li + BO(LO-L']H (B1)

p . i i,
is constant. The total number density N=n L] is also conserved. The change 3
in the particle drift energy is ignored since this can only increase the free i ;

energy available to drive the lower hybrid drift instability.

Local pressure balance

Bi/sﬂ - Bf/an +uT (82)

will also be maintained during the evolution of the profile. Flux and particle

—I conservation are invoked to eliminate B1 and n from (B2) to obtain an expression
" for T,

T/t = [ZBOLI—Li(BO—B{)]/ILl (BO+B§)] >1 . (83)

' PTG, TV LTS VT TN e e O TR TR S e
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When Ll >>Li_ T/Tl = [Bu/(B0-+B:) or the increase in temperature AT =T-T" is

given by

i

At o= Tt = pipepty /2

1/2+1

-1171048%h ] (B4)

where 8' =8nn1Ti/B; is the initial plasma beta. In a low B system the

temperature increase is given by
ATt v Tt gt2 << T (B5)

In a high 8 system., however, the plasma heating can be substantial with

AT 2 T,
1

This increase in the plasma thermal energy is matched by a corresponding
reduction in the magnetic energy, i.e., as the sheath broadens, the system
evolves to a lower magnetic energy state. This energy must be included in
the free energy available to drive the lower hybrid drift mode since the
plasma currents can not be relaxed until all of the magnetic energy has been
dissipated. Although the expression for AT in Eq. (B4) was derived for the
rather simplified step model in Fig. 4, the qualitative scaling with B

is valid for a more general profile and will be discussed in a subsequent

publication.15
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Fig. 1.

Fig. 2.

Fig. 3.

Fig. 4.
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FIGURE CAPTIONS

Constant H curves are shown in the 8- phase plane for o = .5,

¢ =0 in (a) and o = 8n, ¢ = /2 in (b).

The positions of the stationary points es = a cos(eS + ¢) are shown

graphically for the parameters of Fig. 1b.

The pseudo-diffusion <n0[x+Ax(y)]>y':;‘no(x)+(1/2)n;<Ax2>v which
results from the periodic displacement Ax(y) of an initial
plasma profile no(x) is shown. The bracket <>y denotes a spatial

average over v,

The 6-pinch profile is modeled by a simple step in the magnetic

field profile. The profile is symmetric around x=0.
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